We propose a Chern insulator in a two-dimensional electron system with Dresselhaus spin-orbit coupling, ferromagnetism, and spin-dependent effective mass. The analytically-obtained topological phase diagrams show the topological phase transitions induced by tuning the magnetization orientation with the Chern number varying between 1, 0, −1. The magnetization orientation tuning shown here is a more practical way of triggering the topological phase transitions than manipulating the exchange coupling that is no longer tunable after the fabrication of the system. The analytic results are confirmed by the band structure and transport calculations, showing the feasibility of this theoretical proposal. With the advanced and mature semiconductor engineering today, this Chern insulator is very possible to be experimentally realized and also promising to topological spintronics. arXiv:1901.09536v3 [cond-mat.mes-hall] 
I. INTRODUCTION
The quantum Hall effect (QHE) can be observed in two-dimensional electron systems with a strong perpendicular magnetic field which breaks the time-reversal symmetry (TRS). Reseachers also proposed the QHE without a magnetic field in which the TRS breaking is alternatively achieved by magnetic materials. It is the socalled quantum anomalous Hall (QAH) effect, also known as Chern insulators. QAH systems have been intensively studied for their fruitful physics and promising applications in future technology [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . They attract the attention of researchers because of the topologically nontrivial chiral edge states in the absence of external magnetic field, which is important to the development of nextgeneration electronic devices. QAH states in proximity to superconductors, the chiral topological superconductors [13] [14] [15] [16] [17] [18] [19] , also attract great attention because of the realization of Majorana fermions [20] . The first model of a QAH system is constructed by F. D. M. Haldane in the honeycomb lattice in 1988 [1] . A magnetic topological insulator (TI) was theoretically predicted to be a possible QAH system [3] and was later experimentally confirmed in a magnetic TI thin film [4, 5] .
In this paper, we propose to realize a Chern insulator in a two-dimensional electron system (2DES) embedded in the interface of a semiconductor heterostructure which is manufactured by growing a zinc-blende ferromagnetic (FM) semiconductor, such as (In,Fe)As [21, 22] , on another zinc-blende nonmagnetic semiconductor, as shown in Fig. 1(a) . Because the Dresselhaus spin-orbit coupling (SOC) [23] is proved to be present in semiconductors with the zinc-blende crystal structure [24] , a 2DES formed by such a semiconductor heterostructure also has the Dresselhaus SOC. Besides, by properly orienting the lower nonmagnetic semiconductor and controlling the growing direction of the upper magnetic one such that their individual [001] directions are all aligned to the z direction shown in Fig. 1(a) , the 2DES system embedded in the interface has a normal vector in the [001] direction. Thus, the Dresselhaus [001] SOC is present in the 2DES. Furthermore, by the proximity effect of the FM semiconductor, the 2DES has an exchange coupling to it. So the required TRS breaking in this QAH system is achieved by the FM ordering in the FM semiconductor. In addition to the Dresselhaus [001] SOC and the exchange coupling to the FM semiconductor, there is still another physical phenomenon required to be considered in this 2DES, the so-called spin-dependent effective mass. It could be easily and literally understood that spin-up and spin-down electrons have different effective masses. This effect has been experimentally verified in 2DESs [25, 26] . In the 2DES of this paper, the spinpolarization in the FM semiconductor permeating into the 2DES through the proximity effect makes spin-up and spin-down electrons have different effective masses [27] such that the effect of spin-dependent effective mass, intrinsically present in a nonmagnetic 2DES [25] , can be more salient in our ferromagnetic 2DES. Because mass is nothing but inertia, different effective masses will make spin-up and spin-down electrons have different kinetic hoppings.
Combining the Dresselhaus [001] SOC, exchange coupling, and spin-dependent effective mass, it will be shown that such a 2DES is a Chern insulator which shows the QAH effect. Meanwhile, inspired by recent spintronic research [28, 29] , the topological phase transitions will be induced by tuning the magnetization orientation [ Fig. 1(b) ], which is more practical than traditionally manipulating the exchange coupling strength which is no longer a tunable parameter after the fabrication of the system.
II. MODEL AND TOPOLOGICAL INVARIANT
From Sec. I, the Hamiltonian should include the terms derived from the Dresselhaus [001] SOC, exchange coupling to the FM semiconductor, and the kinetic hoppings with the effect of spin-dependent effective mass. The Dresselhaus [001] Hamiltonian is (β/ )(p x σ x −p y σ y ) [24, 30] in which β is the Dresselhaus coupling constant. Now we do the substitution p x → −i ∂/∂ x and p y → −i ∂/∂ y in H D ψ(x, y) and use the finite difference method to discretize the 2DES into a square lattice with the lattice constant a. Under this case,
so the real-space tight-binding Dresselhaus [001] Hamiltonian with the nearest-neighbor hopping can be easily read out as follows
where c i = (c i↑ c i↓ ) T and t D = β/a. c † iσ and c iσ are creation and annihilation operators of an electron with spin σ =↑, ↓ on the i th site of the square lattice. i + x and i + y denote the nearest-neighbor sites in the +x and +y directions relative to the i th site, respectively.
In the 2DES discretized as a square lattice, the kinetic Hamiltonian originally is
where t is the kinetic hopping and I is a two-by-two identity matrix whose diagonal elements represent the kinetic hoppings of spin-up and spin-down electrons, respectively. However, as mentioned in the Sec. I, spin-up and spin-down electrons have different kinetic hoppings, so the hopping term tI should be modified as follows:
in which t represents the hopping energy splitting between spin-up and spin-down electrons. Thus, the kinetic Hamiltonian should be
Along with the Zeeman term derived from the exchange coupling to the FM semiconductor
where ∆ is the exchange coupling strength,m = (sin θ cos φ, sin θ sin φ, cos θ), and σ = (σ x , σ y , σ z ), the total real-space tight-binding Hamiltonian is
The band structure calculation can be performed by doing the Fourier transform to this Hamiltonian along the direction with the periodic boundary condition. The results will be shown in the Sec. III. So far, we have successfully constructed the Hamiltonian of this 2DES. In order to discuss the topological properties of this system, we do the Fourier transform of Eq. (7) into the k-space
where
c † kα and c kα are creation and annihilation operators of an electron with momentum k and spin α.
With H(k), we can investigate the topological property of this system by calculating the topological invariant-Chern number [31] 
whered is the unit vector of d(k) by which H(k) can be written as H(k) = d(k) · σ. This integration is defined in the first Brillouin zone (BZ) with k x and k y ranging from -π to π. In addition, if the system is half filled, the quantized Hall conductance can be expressed through the Chern number [31, 32] 
where e is the charge of an electron and h is the Planck constant. It is straightforward to find that only the coefficients of σ x , σ y , and σ z in Eq. (9) can affect the topological property. That is to say, we can throw t(cos k x + cos k y )I away without changing the topology. Besides, t is renamed as t for convenience in notation. So the H(k) becomes
The same procedure is also applied to H K . Back to the discussion of Chern number, the expression in Eq. (10)
Starting from the ellipse O2 at k 0 y = −π, many ellipses of Eq. (14) can be sequentially traced out along the direction of the curved arrowhead. Viewed from the −dy direction, the parameter kx is evolving clockwise on each ellipse at each given value of ky = k 0 y . Besides, ky is evolving to the +dy direction when it is within [−π/2, π/2]; otherwise, ky is evolving to the −dy direction. With the identification of thekx andky directions on S 2 , the normal vector is defined bykx ×ky (pointing to the outer side of S 2 ).
has a direct geometrical interpretation andd(k) totally determines the topological property of this system. The functiond(k) represents a mapping from the momentum space (BZ) to the sphere S 2 in d-space, as shown in Fig. 2 . This mapping can be denoted asd(k) :
where BZ ∈ T 2 (torus) in topology [33] . ( ∂d ∂kx × ∂d ∂ky ) in the integrand of Eq. (10) is nothing but the Jacobian of the mapping from BZ to d-space.d · ( ∂d ∂kx × ∂d ∂ky ) along with dk x dk y is therefore an infinitesimal solid angle in d-space mapped from an infinitesimal area dk x dk y in the momentum space (BZ). From this geometrical interpretation, we can know that the integration divided by 4π is exactly how many times the vectord(k) can wind around the origin as k x and k y run through the whole BZ. Therefore, the Chern number, an integration in twodimensional BZ, is just the winding number of the vector d(k) in three-dimensional d-space. The geometrical analysis of the Chern number expression is not superfluous but important for appreciating the topological property of this system. As we will see, the topological phase transitions can be identified by the evolution of the sphere S 2 with respect to a certain degree of freedom such as θ.
In the next section, we will discuss how the vector d(k) behaves as k x and k y run through the whole BZ. The topological property of this system depends on if the dspace origin is enclosed in the sphere S 2 traced out by the sweep of the vector d(k). This system is topologically nontrivial or trivial if the origin is or is not enclosed. Consequently, a very significant part of our work is to identify the critical state between the trivial and nontrivial phases, where the d-space origin is on the boundary of the sphere 3. (a) It shows how every point in the BZ is gone through. For a specific value of ky = k 0 y , the line segment kx ∈ [−π, π] in the BZ maps to a closed elliptical trajectory in d space as Eq. (14) . (b) These two tangent ellipses correspond to k 0 y = −π, 0. Actually, they are just O2 and O1 in Fig. 2 viewed from the +dy-direction. The topological property of this system is determined by the position of the origin (red dot) relative to these two ellipses: C = 1 or −1 if the origin is in O1 or O2. (Note: (b) is not drawn according to the ratios of parameters.)
III. TOPOLOGICAL PHASE TRANSITIONS
For the simplification of the following calculation, we assume φ to be zero such thatm lies on the x − z plane. So the components of d(k) extracted from Eq. (12) are
Now we are discussing how the sphere S 2 would be formed by the sweep of d(k) as k x and k y run through the whole BZ [ Fig. 3(a) ]. For a specific value of k y = k 0 y ∈ [−π, π], an elliptical trajectory in d-space is traced out on the plane of d y = t D sin k 0 y with k x varying as a parameter from −π to π. The equation of an ellipse corresponding to a value of k y = k 0 y is
Other ellipses can be formed under other specific values of k 0 y , as shown in Fig. 2 . After every point in the BZ is gone through, a collection of ellipses would be formed with their centers located on the ellipse
, which is on the plane of d x = ∆ sin θ. In summary, S 2 is a collection of ellipses of Eq. (14) whose centers also form an ellipse. By Eq. (15), it is readily to see that the vector d(k) can only wrap the origin one time as we go through the whole BZ. Therefore, the Chern number C in Eq. (10) can only be 1, 0, or −1.
Because of φ being set to zero, S 2 can only be shifted normally to d y -direction when the magnetization is being tuned. That is so say, one just has to focus on the intersection of S 2 with the d y = 0 plane and observe if the origin is enclosed in S 2 . The intersection is two ellipses corresponding to k 0 y = −π, 0 (d y = 0) in Eq. (14):
Actually, they are just O 2 and O 1 in Fig. 2 , whose centers are (∆ cos θ − t, ∆ sin θ) and (∆ cos θ + t, ∆ sin θ) on the d z -d x plane, respectively, as shown in Fig. 3(b) . If the origin is in O 1 or O 2 , the Chern number C is equal to 1 or −1 because an infinite line from the origin in O 1 to the negative z direction or that from the origin in O 2 to the positive z direction will inevitably pierce the inner or the outer surface of S 2 , respectively; otherwise, C is just zero when the origin is not enclosed [34] (the definition of surface orientation is presented in the caption of Fig. 2 ). In the following, the mathematical requirements of topological phase transitions will be derived in order to obtain the phase diagrams. For the case of the origin in O 1 of Fig. 3(b) , we have
For the case of the origin in O 2 of Fig. 3(b) , we have
We expect to obtain the relation between t D and θ. After doing some algebra we can get
for the origin in O 1 (C = 1) and
for the origin in O 2 (C = −1). Please note that 2|t| needs to be larger than ∆| cos θ| inside the square roots of Eq. (19) and (20) . Indeed, the requirement that 2|t| > ∆| cos θ| is necessary to be satisfied or the origin is impossible to be enclosed in O 1 or O 2 in Fig. 3(b) . From Eq. (19) and (20), we can respectively obtain the green (C = 1) and blue (C = −1) regions of the phase diagram that shows the relation between t D and θ, as shown in Fig. 4(c) . Topological phase transitions can be induced by the tuning of magnetization orientation at a certain value of t D . In this case, the origin can be made to move into or out of the sphere S 2 shown in Fig. 2 . This is the topological mechanism to explain why the topological phase transition can be induced by tuning the magnetization orientation. Following the same procedure, the relation between ∆ and θ can also be obtained starting from Eq. (17) and (18):
for the origin in O 2 (C = −1). The phase diagram Fig. 4(b) can also be obtained according to Eq. (21) and (22) which correspond to the green region (C = 1) and the blue region (C = −1), respectively. The process of the topological phase transition induced by the magnetization orientation tuning is clearly presented from (d) to (f) in Fig. 4 , corresponding to the origin moving out of the ellipse O 1 shown in Fig. 3(b) . In addition, according to the bulk-edge correspondence [35] , there should be |C| chiral edge states on each edge. So it can be inferred that 2|C| chiral edge states should be present in the band structure of a strip in Fig. 4(d) . Indeed, in the case of C = 1 we have two chiral edge states in the band gap. This result shows the reliability of our band structure calculation and the analysis of the topological property.
IV. NUMERICAL RESULTS
In the previous section, we successfully obtained the phase diagrams which show the topological phase transitions with respect to the magnetization orientation θ. The band structure calculations also clearly demonstrate the topological phase transition as predicted by our analytic results. However, all the previous results don't include the consideration of a bias voltage which would be very crucial in experiments. In this section, therefore, we employ the numerical nonequilibrium Green functions (NEGF) to investigate the transport properties of our system in the linear-response regime [36] . In the Landauer setup, the sample (central region) is contacted by the left lead and right lead, as shown in Fig. 5(a) . Both the sample and the leads are made up of the system having been in discussion. Therefore, this Landauer setup in our NEGF calculations is a just like the system used to do the band structure calculations in the previous section. But the only difference here is that we rotate our system by π/2 clockwise in order to match the conventions of conductance or resistance that we are going to discuss later.
In NEGF calculations, one can obtain the lesser Green function G < (E) by using this widely-known formula [37] :
where G R (E) is the retarded Green function, G A (E) is [G R (E)] † , and Σ < (E) is the lesser self-energy. Numerical calculation of the lesser Green function is a very standard technique. One can see the Appendix for relevant information. After knowing the numerical result of G < (E), the physical observable can be obtained through the density matrixρ
where E F = −0.01|t| is the Fermi energy lying in the bulk gap and ∆E = 1 × 10 −3 |t| is the potential energy drop between two leads with applied bias. In Fig. 5(a) , we calculate the real-space local charge current flowing from site m to its nearest neighbor site m with the definition [38] 
where t m m is the 2 × 2 hopping matrix from m to m that can be found in the real-space Hamiltonian (7) . One can see that the systems with different magnetization orientations corresponding to different Chern numbers ±1 can demonstrate opposite chirality. In addition, there exists an unbalance of charge currents between two opposite edges due to the quantum anomalous Hall effect that makes electrons move along the transverse direction. In Fig. 5(b) , we calculate the conductance as functions of magnetization orientation θ at different sizes of the sample W by this formula [36] 
where Γ L,R is the level-broadening of the left and right leads, and Tr(Γ L G R Γ R G A ) is the transmission probability from the left to the right leads. For the definition of level-broadening, one can see the Appendix. In this calculation, the Fermi energy lies in the band gap, so the contribution to the conductance completely comes from the chiral edge states. With the increasing of the sample size (diminishing of the size effect), the conductance G of the case with W = 50 as a function of θ shows the same behavior of topological phase transitions as the Chern number in Fig. 5(c) extracted from the phase diagram in Fig. 4(b) . Therefore, the analytically-obtained phase diagram in the previous section is consistent with the calculation of conductance using NEGF. In addition, the transmission is equal to |C|, conforming to the bulk-edge correspondence [35] . However, the preceding numerical results are obtained from the two-terminal setup, in which the Hall conductance or resistance can not be calculated. Therefore, we add four more leads contacted to the upper and lower edges of the original two-terminal setup, as shown in Fig. 5(d) . In this Hall-bar geometry, the voltage drops results that confirm the analytic ones mentioned in the previous section. In our calculations, parameters are set to be: t = −0.5 eV, ∆ = |t|/2, and tD = 0.6|t|, the same as the setting of the black solid line in Fig. 4(b) . In (a), the cases of θ = 20 • and θ = 160 • show opposite chirality, matching the fact that they possess different Chern numbers as shown in Fig. 4(b) . In (b), the case with W = 50 demonstrates the phase transition points approximately at θ = 0.31π and 0.69π, almost the same as the Chern number in (c) extracted from Fig. 4(b) . in the longitudinal and transverse directions can be obtained from the Landauer-Büttiker formula [37] 
where I i is the current flowing from the i th lead into the sample, V i is the voltage on the i th lead, and T ji is the transmission from the i th to the j th leads. In our NEGF calculation, we can obtain the transmissions T ji between any two arbitrary leads with a voltage applied between the first and sixth leads. Consequently, we can solve Eq. (27) to get the voltage on each lead. The longitudinal and transverse resistances are given by
where I is the current injected into the sample from the first lead. Substitute ρ xx and ρ yx into the resistance-toconductance conversion relations given by
we can successfully obtain the σ xy whose plateau feature is very crucial in identifying the topologically nontrivial phases. Following the preceding procedure, we employ the NEGF to obtain the Hall conductance σ xy as a function of magnetization orientation θ, as shown in Fig. 5 (e). One can easily observe that the numerical result of σ xy has a phase transition pattern nicely matching the Chern number in Fig. 5(c) which comes from the analytic result in the previous section. The proportionality between them conforms to Eq. (11) . Therefore, we can also reach the consistency between the analytic results and transport calculations in the six-terminal Hall bar setup, as what we have done in the standard twoterminal case. For understanding the physical reason of those two non-integer data points in Fig. 5 (e), we also study the cases with the width of the channel d equal to 16 and 18, compared to the case of d = 17 in the figure.
Our calculation shows that the non-integer points would move toward or away from the zero plateau when d is 16 or 18, respectively. It evidently means that the noninteger conductance originates from the finite-size effect. 
V. AZIMUTHAL DEGREE OF FREEDOM
So far, we successfully grasp the phase transition behavior of our QAH system in discussion. But remember that the azimuthal angle φ of the magnetization orientation has been set to zero for convenience in analysis, as mentioned at the Sec. III. So we relax the degree of freedom φ and numerically calculate the Chern number given by Eq. (10). Fig. 6 is just the phase diagram showing the distribution of the Chern number with respect to θ and φ. In this phase diagram, topological phase transitions can be induced by tuning θ at an arbitrary value of φ, not only limited to the case with φ = 0. The phase boundary (between C = 1 and 0 or C = 0 and −1) shows an oscillating behavior with respect to φ and its periodicity is π/2. More specifically, when φ is an odd multiple of π/4, the topological phase transition happens between C = ±1, without C = 0. In another aspect, the topological phase transitions can also be induced by tuning φ at some specific values of θ, if θ is located within the left and right bounds of the red region (C = 0). That is to say, if we can somehow make the magnetization precess around the z-axis (e.g. microwave [39, 40] ) with a proper θ and a constant angular velocity, the topological phase transitions can happen periodically. Such kind of timedependent dynamics in the topological Floquet system [41, 42] is worth further investigation in the future.
VI. SUMMARY AND DISCUSSION
We realize a Chern insulator in a 2DES formed by the FM semiconductor/nonmagnetic semiconductor heterostructure. The topological phase transitions in this 2DES system can be induced by tuning the magnetization orientationm which is more practical than tuning the exchange coupling strength ∆. The analytic results are highly consistent with the band structure and transport calculations, confirming the validity of this theoretical proposal. Furthermore, 2DESs are very common in today's semiconductor engineering. Therefore, this Chern insulator is feasible to be experimentally realized in a semiconductor heterostructure. However, we think there are still some points worth being discussed. In the following, the satisfaction of the constraint of topological phase transitions, the presence of Rashba SOC, and the possible spontaneous ferromagnetism will be shortly discussed. By Fig. 3 , we can know that the topological phase transitions are controlled by the interplay between these four parameters, t D , t, θ, and ∆. In the case of θ = π/2, the origin must be out of those two ellipses, resulting a topological trivial phase. Therefore, if the origin can be inside O 1 when θ = 0, allowed by the geometrical constraint of 2|t| > ∆, a topological phase transition will definitely happen somewhere during the sweeping ofm between θ = 0 and θ = π/2. In experiments, one can adjust the spin-dependent effective mass that determines t by manipulating the carrier density in the semiconductor heterostructure [27] for satisfying the constraint of 2|t| > ∆. Regarding the parameter t D , if it is nonzero under the aforementioned constraint, the topological phase transitions are guaranteed to happen. Thus, with the tunable t and nonzero t D , the topological phase transitions can be induced in this 2DES.
In the transport analysis, the Fermi energy is lying in the band gap such that this system is an insulator. In real cases, however, the Fermi energy may not be lying in the band gap when this system is fabricated. To deal with this problem, one can apply a gate-voltage to tune the Fermi energy into the band gap [4] . Nonetheless, the Rashba SOC is unavoidably induced when a gate-voltage is applied. In order to understand the effects of Rashba SOC on the topological property, we calculate the Chern number as a function of θ, identical to what has been done in Fig. 5(c) , in the presence of Rashba SOC. The Hamiltonian of Rashba SOC can be easily obtained by replacing σ x (σ y ) in H D of Eq. (2) with −σ y (−σ x ). And we use t R (same footing as t D ) to denote the strength of Rashba SOC. As shown in Fig. 7 , the cases of nonzero t R show the same behavior of topological phase transitions as the case of zero t R , except some shifts in phase transition points. That is to say, the nontrivial topology is still robust in the presence of Rashba SOC.
According to Ref. [43] , there is spontaneous ferromagnetism caused by electron-electron interactions in a 2D system with Rashba SOC. Becuase the Rashba SOC and Dresselhaus SOC can be rotated to each other, we think the spontaneous ferromagnetism could also exist in our Chern insulator. That is to say, the required ferromagnetism can be provided by electron-electron interactions so that the FM zinc-blende semiconductor is possible to be replaced with a normal (non-magnetic) zincblende semiconductor. Therefore, the fabrication of the semiconductor heterostructure is more realizable. After all, an FM semiconductor is not as common as a nonmagnetic semiconductor. This new setup is left as our future work.
